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Abstract

Saving decisions are made jointly by household members who generally earn risky incomes.
Consequently, to interpret saving patterns it is crucial to analyze the relationship between intra-
household risk sharing and intertemporal choices. To that end in this paper the household is
characterized as a group of agents with possibly heterogeneous preferences making efficient
decisions. Two results are obtained. First, it is shown that risk sharing can increase the amount
saved by the household. Second, | find that an increase in risk aversion and prudence of an
individual member can reduce household risk aversion and prudence. These results are consistent

with the empirical evidence collected using the HRS.

1 Introduction

An important feature of household saving decisions is the ability of individual members to share risk
among them. With few exceptions, theoretical and empirical studies characterize household saving
as if a single agent were making the decision. Under this assumption, the risk sharing component of
household saving is largely ignored. This paper is one of the first attempts to analyze the effect of risk
sharing on saving by characterizing the household as a group of agents making efficient decisions.
To evaluate the relevance of risk sharing in understanding saving behavior, consider a household

in which the two members have different preferences, earn risky incomes and can share risk between

*| am very grateful to Orazio Attanasio, Pierre Aadthiappori, Lucas Davis, Christian Gollier, James Heckman,
Igal Hendel, John Kennan, Lars Lefgren, Annamaria Lusardi, Bernard Salanie, Robert Townsend, the editor and two
anonymous referees for their insight and suggestions. | would also like to thank seminar participants for helpful com-
ments. Errors are mine.



them. How does risk sharing affect household saving? Consider a second household which is iden-
tical to the previous one except that the husband’s willingness to save for precautionary reasons is
greater than the willingness of the husband in the first household at any given level of resources.
Is saving in the second household larger? At first glance the answers seem straightforward. Under
standard assumptions risk sharing should always reduce saving and an increase in the willingness to
save of one agent should always increase household saving. However, this intuition is not complete.
To see this, it is helpful to divide intra-household risk sharing into two parts. First, individual mem-
bers pool their earnings and consequently eliminate part of the uncertainty faced by the household.
Under convex marginal utilities, income pooling always has the intuitive effect of reducing saving.
Second, household members insure each other by allocating pooled income according to individual
risk preferences and decision power. The main contribution of this paper is to show that the insur-
ance component of risk sharing can have two counterintuitive results. First, it can raise household
saving. Second, an increase in prudence of one agent can reduce household prudence and hence
household saving.

The first part of the paper presents empirical evidence which suggests that risk sharing is an
important feature of saving decisions. The Health and Retirement Study (HRS) gathers information
on the willingness to gamble over lifetime income. Using these data each respondent is assigned to
one of four possible risk preference categories. Even with this limited number of categories, about
50 percent of couples report that the wife’s risk preferences differ from the husband’s. This indicates
that the impact of risk sharing on household intertemporal behavior is not limited to income pooling.
To further explore this hypothesis, the data on risk preferences are used jointly with the HRS data on
saving to compare the saving pattern of couples with the saving pattern of singles. Average saving
of singles increases with individual risk aversion and prudence. However, average saving of couples
is a U-shaped function of the husband’s risk aversion and prudence.

This paper attempts to explain the distinct saving behavior of couples using an intertemporal
framework with income uncertainty and the following two features: (i) household members are char-
acterized by individual preferences; (ii) household decisions are efficient. Two results are obtained.
First, it is shown that risk sharing has the intuitive effect of always reducing saving if and only if

individual members have identical discount factors, identical beliefs and Harmonic Absolute Risk



Aversion (HARA) preferences with identical curvature parametedscond, under the assumption
of HARA preferences, it is shown that an increase in risk aversion and prudence of an individual
member can reduce household risk aversion and prudence.

To provide the intuition underlying the first result note that the optimal allocation of pooled
resources shifts the individual members along their Engel curves so as to enhance efficiency. If the
household members have identical decision power, efficiency is maximized by allocating most of
the risk to the least risk averse agent. In particular, for any adverse realization of household income,
a larger portion of resources is transferred to the most risk averse agent. For any good realization
of household income, the least risk averse agent receives the majority of income. As an example,
consider a household in which the two members have identical income processes, identical decision
power and linear Engel curves. In addition, suppose that the Engel curves of the least risk averse
agent are steeper. Then, in any adverse state of nature, the optimal transfer has a negative effect
on household consumption and a positive effect on saving. In any good state of nature, the efficient
allocation of resources has the opposite effect. Hence, risk sharing increases saving if the transfers in
the adverse states dominate the transfers in the good states. This suggests that risk sharing always has
the intuitive effect of reducing saving if and only if household aggregate behavior is independent of
the insurance component of risk sharing. This condition is fulfilled if and only if under efficiency the
individual Engel curves are linear with identical slopes. Only households characterized by identical
discount factors, identical beliefs and HARA preferences with identical curvature parameters have
Engel curves with these properties.

The findings of this paper have one main implication. Observe that the framework traditionally
used to analyze saving assumes that the household behaves as a single agent. This restriction is
equivalent to the assumption that the optimal allocation of pooled resources has no effect on saving
behavior. Therefore, the results of this work imply that the predictions of the standard framework
may be used to interpret saving patterns only under assumptions which guarantee that household
aggregate behavior is independent of the insurance component of risk sharing. An important con-
sequence is that any policy recommendation formulated using the standard unitary framework gen-

erally ignores the impact of the policy on the efficient allocation of risk across household members.

1Two agents have HARA preferences with identical curvature parametefsi) = (a; +c¢) .



To be able to evaluate the full effect of a policy on saving decisions, it is necessary to estimate the
intra-household allocation of resources jointly with individual risk preferences.

The results of this paper may also help explain the mixed evidence reported in the empirical liter-
ature on precautionary saving. In most of these papers, the significance of the precautionary motive
is determined using the uncertainty intrinsic in household income. Since household income captures
only the income pooling component of risk sharing, the findings should vary with the magnitude and
the direction of the insurance component of risk sharing characterizing the group of households used
in the estimation.

Saving decisions have been analyzed extensively in the past, but mostly under the assumption that
a unique utility function can be used to represent the houseéh®hie main exception is the paper
by Browning (2000), in which a non-cooperative model of household decisions with heterogeneous
discount factors but otherwise identical agents and no income uncertainty is employed to analyze the
effect of differences in life expectancy between spouses on saving. The present paper is also related
to the literature on the collective representation of household behavior. Specifically, the framework
proposed in this paper generalizes the static collective model introduced by Piere@meppori
(1988, 1992) to an intertemporal environment with uncertainty. Finally, the present work is linked
to the literature on group decisions. The main example is the work by Christian Gollier (2001a).
He examines the relationship between individual risk preferences and the risk preferences of the
representative agent to determine how wealth inequality affects the equity premium and the interest
rate. The present paper is, however, one of the first attempts to characterize the saving behavior of a
group of heterogeneous agents.

The remainder of the paper is organized as follows. In section 2, some empirical evidence
on household saving and individual risk preferences is presented. In section 3, the intertemporal
collective model is introduced jointly with a numerical example. In section 4, the impact of risk
sharing on household saving is examined. In section 5, household risk aversion and prudence are

introduced and their relationship with individual risk preferences is analyzed. Section 6 concludes.

2See Martin Browning and Annamaria Lusardi (1996) for a comprehensive survey.



2 Empirical Motivations

The literature on household intertemporal behavior has traditionally divided saving into two main
components: precautionary saving and consumption smoothing. If future income is uncertain, con-
sumers accumulate wealth to face adverse shocks to their earnings. Miles S. Kimball (1990) shows
that the precautionary motive rises with the convexity of marginal utility, which is measured by
the coefficient of absolute prudencey” (C) /u” (C). If preferences are concave, it is valuable to
smooth consumption over time, accumulating and reducing wealth. The strength of the consumption
smoothing motive is measured by the degree of concavity of the utility function, which is charac-
terized by the coefficient of absolute risk aversien,” (C) /u’ (C), introduced by John W. Pratt
(1964). If households behave as single agents, saving of singles and saving of couples should have
identical features. In particular, under standard assumptions, saving should be an increasing function
of absolute prudence. Moreover, saving should rise with absolute risk aversion if the gross interest
rate multiplied by the discount factor is smaller than one.

The HRS represents a good opportunity to analyze household intertemporal behavior, since it
collects simultaneously information on saving and individual preferences for risk. These data are
useful for two related reasons. First, they enable one to determine how spouses are matched in terms
of risk preferences. Second, the data can be used to establish the relationship between individual
risk preferences and household saving for couples and separately for singles. The survey elicits
risk preferences by asking the respondents two questions related to their willingness to gamble over
lifetime income. The questions are included in Wave | of the survey, which was administered in
1992, and are asked to the head of the household and, if present, to the spouse. The two questions
enable the investigator to divide the respondents into four distinct categories. These categories can be
ranked in terms of risk aversion and prudence without having to assume a particular functional form
for the respondent’s utility function. The two questions can be described as follows. Suppose that
the respondent has the opportunity to choose between the current job, which guarantees the current
income ofy for the rest of her life, and a new and equally good job with 50-50 chance of doubling
permanent income and a 50-50 chance that permanent income will be cut by a ffadtidhe first
questiory is set equal to one third. If the individual accepts the gamble, in the second quegtion

raised to one half. If the respondent rejects the first gamble, in the second gukeistimduced to
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Table 1. Risk Preference Categories.

Risk Preference Category Deg. of Risk Aversion-Prudence Respondent Type
Category | lowest accept one-third, accept one half
Category I low accept one-third, reject one-half
Category IlI high reject one-third, accept one-fifth
Category IV highest reject one-third and one-fifth

Table 2: Matching of Spouses Based on Risk Preferences.

Wife's Risk Preferences
Husband'’s Risk Preferences Cat. | Cat. Il Cat. Il Cat. IV Total
Cat. | 92 65 57 272 486
Cat. Il 43 70 49 223 385
Cat. Il 52 51 82 239 424
Cat. IV 216 214 285 1657 2372
Total 403 400 473 2391 3667

one fifth. It is important to remark that the respondent’s choice is affected by her willingness to face
the additional uncertainty implicit in the new job. This willingness depends on individual prudence
directly and through the amount of available saving. Consequently, the two questions provide joint
information on risk aversion and prudence. The four categories are illustrated in Table 1.

It is now possible to describe the relationship between the wife’s and the husband’s risk prefer-
ences. According to Table 2, even with only four categories of risk preferences, about 50 percent of
couples report that the wife’s risk aversion and prudence differ from the husband’s. This evidence
represents a first indication that the saving decisions of couples are generally more complex than the
saving decisions of singles.

The HRS also contains detailed information on household saving. Specifically, using the panel
structure of the HRS, saving can be computed as the difference in financial wealth between the
second and first wave, where financial wealth is defined as total wealth minus home equity, the value
of vehicles and real estatelhe relationship between saving and individual risk preferences can then
be determined. Table 3 reports the average value of saving as a function of risk preferences for five
different groups of households: (i) couples in which the wife belongs to the highest category of risk

aversion and prudence; (ii) couples in which the wife belongs to category IV and to the labor force

3For the exact wording of the questions and a detailed description of the four categories see the insightful paper by

Robert B. Barsky et al. (1997). For a thorough discussion of the HRS see Thomas F. Juster and Richard Suzman (1995)
and Juster and James P. Smith (1997).

“Durables are excluded to focus on assets that do not provide utility to the owner.



Table 3: Average Financial Saving as a Function of Husband’s Risk Preferences.

Couples, Couples, Wife=IV Couples, Wife=IV Singles Singles,
Wife=IV in Labor Force not in Labor Force No Retirees
Category | 29569.9 45147.82 -17442.14 -8458.237 -9708.2
[9438.1] [10494.52] [20847.3] [5554.6] [6011.9]
Category Il 8929.6 5705.7 22931.7 6575.0 5636.4
[10826.2] [11571.7] [27578.4] [6357.02] [7143.2]
Category Il 16557.5 12028.3 32409.9 11108.7 12618.7
[10061.0] [10993.8] [23518.9] [6445.2] [7143.2]
Category IV 18731.8 18097.3 20643.0 8712.1 7883.7
[3890.7] [4327.3] [8587.9] [2639.9] [2905.1]
N. Households 1918 1456 462 1671 1447

Note: Standard errors are in brackets.

in the first or second wave; (iii) couples in which the wife belongs to category IV but she is out of
the labor force in the first and second wave; (iv) households with only one adult; (v) households with
only one adult who is not retiretiBefore analyzing the results, three caveats of the approach should
be discussed. First, measures of saving calculated as the first difference of wealth are generally
very noisy. Consequently, the results may be affected by measurement®eBecsnd, to reduce

the number of missing values, the HRS has used unfolding brackets in all instances in which the
respondent refused to give a specific value for a particular component of wealth. Unfortunately,
different brackets have been used in the two waves. To address this problem, a household is dropped
from the sample if brackets have been employed in both first and second wave for any one of the
wealth components used to compute savinghird, risk preferences are only one of the factors
determining saving. In the empirical exercise | do not control for additional variables that may affect
intertemporal decisions. Consequently, the results represent a simple description of the link between

saving and risk preferencés.

SA wife is considered out of the labor force if she is retired or a housewife. Households with one adult include never
married, separated, divorced respondents and widows.

5To reduce the impact of measurement errors, outliers are dropped from the sample. An observation is considered
an outlier if it satisfies the following two conditions: the absolute value of saving is larger than one million dollars and
financial wealth more than doubled or shrank by more than half between the two years.

’Smith (1995) finds that the non-response which triggers the use of the brackets is not random. Consequently,
eliminating all households which make use of brackets in both waves represents only a partial solution to the problem.

8In Maurizio Mazzocco (2003a), saving is regressed on a set of dummies corresponding to the risk preference cate-
gories, after controlling for age, education, children, income, initial wealth and selection into marriage. The results are
consistent with the findings of this section.



In Table 3, saving of singles generally increases with the degree of risk aversion and prfudence.
Saving of couples in which the wife belongs to category IV is a U-shaped function of individual
risk preferences. The difference in saving patterns seems to be driven by the group of households in
which the wife belongs to the labor force. Indeed, saving of couples in which the wife is out of the
labor force has the same shape as saving of singles. These results represent an additional indication
that saving decisions of households with more than one decision maker are generally different from
saving decisions of single agents. Moreover, the results suggest that the status of household members

is important in understanding household intertemporal behavior.

3 The Intertemporal Collective Model

To analyze the saving decisions of couples, consider a household living for two periods and com-
posed of two agents each one endowed with an exogenous income pfodedse first period,
memberi’'s income is known and equal tg. In the second period, individual income is stochastic

and will be denoted withj® (w), wherew is one of the potential states of nature. In each period,
memberi consumes a private composite good. Eeaindc (w) be consumption in the first and
second period. The household can save using a risk-free asset. DenoteandlR the amount

of wealth invested in the risk-free asset and its gross return. Each household member is character-
ized by individual preferences, which are assumed to be separable over time and across states of
nature. The corresponding utility functiom,, is assumed to be increasing, concave and three times
continuously differentiable. Following Christopher D. Carroll and Kimball (1996), throughout the
paper the income processes are required to be permissible, i.e. the income processes are such that
consumption remains within the domain over which the considered utility functions are defined. It

is assumed that the household decision process is efficient. This is the main assumption of the paper

and it requires that household members can fully commit to future allocations of resbukets;,

9The small decline in saving for category IV disappears after controlling for demographics, income and wealth. It is
also important to remark that the sample size of category IV is about five times the sample size of the other categories.

101t is straightforward to generalize the results obtained in this paper to a household agfbnts. To isolate the
effect of risk sharing, household formation is not considered.

Hunder efficiency agents will only save jointly. The assumption that household members cooperate is well established
in the literature (see Gary S. Becker (1991) and Chiappori (1992)). Orazio P. Attanasio and Mazzocco (2003), Shelly
Lundberg et al. (forthcoming) and Mazzocco (2003b) analyze household behavior with limited commitment.



F; and E; be the discount factor of membgrthe probability measure describing her beliefs and the
expected value calculated with respect to these beliefs. Household decisions can then be determined

by solving the following Pareto problef:

~max Z,uz{ul +ﬁz Z[ Z( )}}

{c,&s}210 i—1

2 2
» &< i +Rs forallw,
1=1

1=1
whereu; is member:;’s Pareto weight. In this framework, the welfare of individual agents is in-
creased if they choose to live in a household for two reasons. First, they can share between them
the uncertainty implicit in the income processes. Second, since the model developed in this section
allows for the additive form of altruism, the consumption of one agent may increase the spouse’s
welfare. Moreover, even if a public good is not explicitly considered, the results obtained using this
framework can be interpreted as the results of a model in which preferences are strongly separable
between private and public consumption.

To evaluate whether the proposed representation of household intertemporal behavior may help
in understanding the complexity of saving decisions of couples, a realistic numerical example will
be first considered. The aim of the example is twofold. First, it will clarify the effect of risk sharing
on saving. Second, it will illustrate the relationship between saving and individual risk preferences.
Consider a group of households each composed of two agents with Constant Relative Risk Aversion
(CRRA) preference$§® Under this assumption on preferences, Barsky et al. (1997) use the HRS to
estimate individual relative risk aversion and prudence conditional on belonging to one of the four
categories described in the previous section. They find that relative prudence for category |, I, llI
and IV is equal to, respectively, 4.8, 6.7, 8.2 and 16.7. To be consistent with these estimates, in the
numerical example it is assumed that the wife’s relative prudence is constant across households and

equal to 16.7, whereas the husband'’s relative prudence varies from 4.8 to 16.7. Individual income in

12To simplify the notation the dependence on the state of nature will be suppressed.
13A household member has CRRA preferences i) = ¢~ /(1 — v), wherey represents relative risk aversion
and relative prudence minus one.



Figure 1: Total Household Saving as a Function of Husband’ s Prudence
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the first period is equal to 15,000 dollars for the wife and 11,000 dollars for the husband. The second
period is characterized by three states of nature, which can prevail with identical probability. The
wife’s income in the three states of nature is equal to 24,000, 12,000 and 15,000 dollars, whereas the
husband’s income is equal to 36,000, 6,000 and 9,000 dollars. It is assumgdthat= 1, which
implies that the example focuses on the effect of risk sharing on precautionary saving. To fully
characterize efficient risk sharing, it is crucial to determine the threshold below which realizations
of household income are perceived as adverse realizations. The threshold, which determines the
direction of the transfers between the two agents, is set equal to the median of household income in
1992 for the sample of couples, which4s, 000 dollars!* Using this example household saving is
first computed as the solution of the intertemporal collective model, i.e. allowing individual members
to share risk efficiently. Household saving is then determined as the sum of individual saving under
the assumption that the two spouses can only consume their own resources. Figure 1 reports saving
as a function of the husband'’s prudence. For the majority of households, efficient risk sharing has the
counterintuitive effect of increasing saving. Moreover, if individual members are allowed to share
risk efficiently, household saving is a U-shaped function of individual prudence.

The remainder of the paper is devoted to placing in a more general context the counterintuitive

results obtained in this section and to showing that they are the outcome of the same feature of

H4section 111 will clarify how the threshold affects household intertemporal behavior.
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household behavior.

4 Efficient Risk Sharing and Household Saving

The numerical example discussed in the previous section suggests that efficient risk sharing can
increase household saving. The aim of this section is to evaluate the generality of this result and
hence its empirical relevance in understanding saving decisions.

To determine the effect of risk sharing on saving it is useful to reformulate the household de-
cision process using a two-stage framework. In the first stage, the household decides the optimal
distribution of total income between the two agents in each period and state of nature. In the sec-
ond stage, given the allocation of total resources, each agent chooses individual consumption and
saving. Formally, Iel{pi,ﬁi}l.:L2 be an arbitrary distribution of available income between the two
agents in each period and state of nature. Gi{/,énﬁi}i:m, in the second stage membesolves

the following problem:

Vil{p',7'}) = maxui(c’) + BiE; [ui(@)] (1)

74761787.
st.ct+s" <p'

& < p'+ Rs' forallw.

In the first stage, the household determines the optimal allocation of total income as a solution of the
following problem:

{Plvﬁi}i:Lz i=1
2 2

s.t. Zpi < Zyi

=1 i=1
2
d <) i forallw.
=1 =1
Using the first and second welfare theorems, it is straightforward to show that the solution of the
two-stage formulation is equivalent to the solution of the intertemporal collective model. The two-

stage framework clarifies that risk sharing can be divided into two parts. First, individual members
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pool their incomes and hence eliminate the idiosyncratic uncertainty implicit in their earnings. This
component of risk sharing is captured by the feasibility conditions of the first stage, which depend
exclusively on total household income. Second, the pooled resources are optimally allocated ac-
cording to individual risk preferences and decision power. Specificallg; ls the threshold below
which an income realization is perceived as adverse. For identical Pareto weights, if an income real-
ization is belowC, the most risk averse agent receives a larger fraction of household income. If the
income realization is abow€, the household transfers the majority of household income to the least
risk averse member as a compensation for the insurance provided. If the Pareto weights are different,
the allocation that provides the optimal insurance is adjusted by transferring additional resources to
the agent with higher decision power. The insurance component of risk sharing is summarized by
the sharing rulgp’, p'},_, ,.

It is now possible to verify the effect of efficient risk sharing on saving. To that end, household
saving is first computed allowing individual members to share risk efficiently, i.e. as a solution of
the intertemporal collective model. Household saving is then determined under the assumption that
the two agents cannot share risk. Specifically, menisesaving is the solution of the following

standard problem:

ct,ct, st
st.c'+s" =y’

& =7 + Rs' forallw.

Finally, the two outcomes are compared.

Let an ISHARA household be a household in which the two members have identical discount
factors, identical beliefs and HARA preferences with identical curvature parameters. The following
theorem is the main result of the paper and it shows that efficient risk sharing has always the intuitive
effect of reducing saving if and only if the household belongs to the ISHARA class. For any other
household, it is always possible to find income processes and decision power such that risk sharing

increases saving.

Theorem 1 Efficient risk sharing reduces saving for any income process and decision power if and

only if the household belongs to the ISHARA class.
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Proof. In the appendix.m

To illustrate the idea behind Theorem 1, it is useful to divide risk sharing into its two components.
Under convex marginal utilities, income pooling always reduces saving. The insurance component
of risk sharing always reduces saving if and only if two conditions are jointly satisfied. First, under
efficiency, the income expansion paths of each individual member are iih@énerwise it is always
possible to find households for which the allocation of total income interacts with the non-linearities
S0 as to increase saving. Second, under efficiency, the individual Engel curves have the same slope.
Otherwise it is always possible to find households that allocate most of the resources to the spouse
with the less steep income expansion paths. Only the ISHARA class satisfies both restfictions.

Some remarks are in order. First, Theorem 1 clarifies that risk sharing can increase saving
even if the household members have identical preferences, discount factors and beliefs. Second,
for ISHARA households efficient risk sharing always reduces saving because the insurance compo-
nent of risk sharing has no effect on household aggregate behavior. The model traditionally used to
analyze precautionary saving assumes that a unique utility function can be assigned to the house-
hold. Under this restriction, the insurance component of risk sharing has no effect on saving. Con-
sequently, the standard unitary framework has the same predictions as the intertemporal collective
model only if the household belongs to the ISHARA class. There are two main examples of house-
holds that belong to the ISHARA class. In both instances beliefs and discount factors are identical
across agents. In the first case, household members have Constant Absolute Risk Aversion (CARA)
utilities.!” In the second case, the two agents are characterized by identical CRRA utilities. Third,
Theorem 1 can be used to rationalize the U-shaped saving function obtained in the nhumerical exam-
ple. According to Theorem 1 for any set of individual preferences outside the ISHARA class, it is
always possible to find income processes such that the insurance component of risk sharing increases
saving. Moreover, it can be shown that the set of income processes with this property expands if the

difference in individual risk preferences is increased. In the numerical example the income pro-

15The terms income expansion path and Engel curve will be used interchangeably.

16The ISHARA class is also examined in John W. Pratt and Richard J. Zeckhauser (1989). Specifically, using a
static model with uncertainty they show that any group outside the ISHARA class can accept lotteries over individually
unacceptable lotteries.

17A CARA utility function can be obtained by taking the limit of a HARA utility function as the curvature parameter
tends to—oo. Consequently, all CARA utility functions have identical curvature parameters.
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cesses and the wife’s risk preferences are identical across households, whereas the husband’s risk
preferences vary. Consequently, income pooling has the same effect on the saving behavior of all
households. The insurance component of risk sharing, however, differs across households. In partic-
ular, the individual income processes used in the numerical example belong to the set of incomes for
which the insurance effect increases saving if the difference between the husband’s and the wife’s
curvature parameter is larger than 9.6. As a final remark note that households in which one agent
has all the decision power behave as households with only one decision maker. This is consistent
with the empirical evidence reported in Table 3 which suggests that the status of individual members
affects saving.

It is instructive to analyze the effect of risk sharing on precautionary saving and separately on
consumption smoothing. To that end it is important to note that the individual Engel curves contain
all the information related to efficient risk sharing. To see this suppose that in the secondrperiod
states of nature can prevail, with finite. Then the budget constraints of the second stage of the
intertemporal collective model (1) and of the individual problem (2) can be written for, ..., m
as follows:

é; + Rc' = ﬁ; + Rp',
and
¢ + R =4, + Ry".
The first period individual income expansion paths with and without risk sharing can therefore be

written in the following form:

¢ = ¢ (3 + Rp's ool + R
and

¢ =c (fi + Ry G + RY') -
wherec”* and¢® denote optimal individual consumption in the first period with and without risk
sharing. Consequently, the main effect of risk sharing is to shift the household members along their
income expansion paths.

The next two sections are dedicated to analyzing the properties of the individual Engel curves

and their impact on precautionary saving and consumption smoothing.
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4.1 Efficient Risk Sharing and Precautionary Saving

To focus on precautionary saving, it is assumed fat= 1. Consider first a household in which the
individual members have identical preferences, discount factors, beliefs and decision power. Under
these conditions, the Engel curves are identical across agents and the efficient sharing rule can be
written as follows:

i X and Ni—?
p*2 p*27

whereY = ¢! + y2 andY = §' + §2. The first period individual income expansion paths with and

without risk sharing can therefore be written in the following form:

e, (Y/I +RY Vi +RY)
2 T 2 ’
and
¢ =c (g; + Ry, .0+ Ryi) .
Household saving is equal to first period household income minus first period household consump-
tion. Hence, under the assumption of identical agents, efficient risk sharing always reduces saving if
and only if the income expansion paths are concave imtlvariables.
In an environment with uncertainty the concavity of the Engel curves depends on absolute pru-

dence. To see this note that the income expansion paths with and without risk sharing must satisfy

Using these intertemporal optimality conditions, it is straightforward to show that the Engel curves

the individual Euler equations, which can be written as follows:
. _ Y + RY :
=) (E u’ <—+2 — Rc”)

¢ =) (B[ (§ + Ry — R)]).

and

are concave if and only if the function(z1, ..., z,,) = («/)"" (E [/ (Z)]) is concave in itsn argu-

ments. According to Godfrey H. Hardy, John E. Littlewood and George Polya (1952), this condition
is satisfied if and only if the inverse of absolute prudence is convex. Therefore, under the assumption
of identical agents, efficient risk sharing always reduces saving if and only if the inverse of absolute

prudence is convex. The ISHARA class is a subset of all the households satisfying this restriction.
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Consider now a household with heterogeneous agents and concave Engel curves. The difference

between consumption with and without risk sharing can be written in the following form:

2 i ~1 7 ~1 7 2 i~ ) ~7 7
Z¢:1 c (P1 + Rp', ..., Py, + Rp) — Zi:l c (yl + Ry, ...y, + Ry )
= (gj} +Ry' + Ay, . 3L + Ryt + Am> + ¢ (gf + Ry — Ay, ..., 32 + Ry? — Am>

2 S . . . m 8 1 8 2 ~
_Z¢:1 c (yi + Ry, ..., 7y, + Ryl) < Z (_C _ _C> A,

Jj=1 Gy] 83/]

whereA; = gt + Rp' — (4} + Ry') = 2 + Ry* — (52 + Rp*) by the feasibility conditions and

the inequality follows from the concavity of the Engel curves. Using this result it is straightforward

to argue that efficient risk sharing increases saving if the transfers to the agent with the less steep
Engel curves are sufficiently large. For instance, consider a household in which the two agents have

. L . y dct dc* .
identical income processes and decision power. In addition, suppo at — in all states of

nature and agent 1 is the least risk averse agent. Then in any adverysfe stgtyez of nature, the least risk
averse agent will transfer some of her resources implyingfdgat 0. In any good state of nature,

the most risk averse agent will make the transfer, which impliesﬁsl}ab 0. Consequently, if the
adverse income realizations dominate the good income realizations, efficient risk sharing increases
saving. This indicates that, with heterogeneous agents, the conditions required for risk sharing to
always reduce saving are stronger than linearity or concauvity.

Consider a household in which the Engel curves are linear and have identical slopes with respect
to every income process. The previous argument suggests that under these conditions risk sharing
can never increase saving. However, these restrictions are too strong since they also eliminate the in-
come pooling effect. Consider now an ISHARA household. In this case, the individual Engel curves
are linear with identical slopes if household members can allocate risk efficiently. Consequently, the
insurance component of risk sharing has no effect on household aggregate behavior. If risk cannot
be allocated efficiently, however, the income expansion paths are concave, which implies that in-

come pooling has the intuitive effect of reducing saving. Specifically, for an ISHARA household,

individual Euler equations with and without risk sharing can be written as follows:

1
= (E [(ai +p' 4+ Rp' — Rci*)ﬂD f—"
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and 1

¢ = (E [(ai +§ + Ry — Réi)_WD_; — a;.
Consider the functioth (x4, ..., z,,) = (E [55‘”])_%. The Engel curves are concave, respectively
linear, if the function. is concave, respectively linear, in its arguments. Hardy, Littlewood and
Polya (1952) show thdt is concave in itsn arguments for any non-negative random variabies
andi® andy > 0, unlessz; = Az? in every state of nature for some constalntin which case the
function is linear. The efficient allocation of risk requires the ratio of marginal utilities to be constant

across states of nature, which implies that
ar + p' + Rp' — Re™ = B (as + p* + Rp® — Rc™)

in each state of nature for some constBntConsequently, under efficiency the functioims linear
and the individual Engel curves are identical and linead;in- p* + Rp'. If risk is not allocated
efficiently, the proportionality condition is generally not satisfied. As a result, the funatisn
concave and the individual Engel curves are identical and concawg-ing’ + Ry‘. Therefore,
the difference between first period consumption with and without risk sharing can be written in the

following form:

S et ot Rt 4 4 B) =Y (a3 4 Bt + 5y + FY)
2

2 ~ i L i 2 L i i i
:26<Zai+y1+Ry7”.’Zaz+ym+Ry>_QZC(aﬁyl+Ry,---,az+ym+Ry)>07

2 2 2 -

=1 i=1 =1

where the equality, which describes the insurance effect, follows from the linearity and the feasi-
bility conditions, and the inequality, which describes income pooling, follows from the concauvity.
Therefore, it can be concluded that an ISHARA household is a sufficient condition for risk sharing
to always reduce saving. Moreover, since the ISHARA class is the only group of households for
which the insurance component of risk sharing has no effect on household aggregate behavior, the

restriction is also necessary.

4.2 Efficient Risk Sharing and Consumption Smoothing

To evaluate the effect of the optimal allocation of resources on consumption smoothing, consider a

household with identical agents living in a risk-free environment, in wiit¢chdiffers from 1. As
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for precautionary saving, if agents are identical the efficient allocation of resources always reduces
saving if and only if the Engel curves are concave. Gollier (2001a, b) shows that in this environment
the concavity depends on absolute risk tolerance, which is defined as the inverse of absolute risk
aversion. Specifically, iR3 > 1 (resp. RG < 1) the income expansion paths are concave if and
only if absolute risk tolerance is convex (resp. concave). ISHARA households have linear absolute
risk tolerances which implies that the restriction is always satisfied.

If the assumption of identical agents is relaxed, however, concavity of the Engel curves is no
longer sufficient. For example, suppose that the household members have identical preferences but
different decision power and that the Engel curves are concave. It is then always possible to choose

income processes and decision power such that
p'+Rp' >3 +Ry' > " + Ry* > p° + Rp”,

which implies by concavity of the Engel curves that the insurance component of risk sharing in-
creases savinf. This result suggests that, allowing for heterogeneity in Pareto weights, risk sharing
always decreases the consumption smoothing component of saving if and only if the income expan-
sion paths are linear. Gollier (2001b) shows that with no uncertainty the income expansion paths are
linear if and only if preferences belongs to the HARA class.

Consider now a household in which the individual members have HARA preferences with het-
erogenous curvature parameters. It is straightforward to show that in this case the individual Engel
curves are linear with different slopes across agents. By exploiting the variation in the individual
slopes it is always possible to find income processes and Pareto weight for which efficient risk shar-
ing increases saving. All this indicates that risk sharing always decreases the consumption smoothing
component of saving if and only if the income expansion paths are linear with identical slopes. Under
the assumptions of this section, only ISHARA households have linear Engel curves with identical

slopes.

8In this case, the welfare of the member making the transfer may be higher relative to autarky because of additive
altruism or a separable public good.
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5 Household Risk Preferences and Saving

The previous section suggests a potential explanation for the finding that saving of couples can be a
U-shaped function of individual prudence and risk aversion. To develop a more direct understanding
of this result, it is useful to analyze the relationship between household and individual risk prefer-
ences.

Under full efficiency, each household can be characterized using the corresponding representative

agent, which can be determined by solving the following problem:

v, (W) = max put () + pou® (¢?) (3)
st.ct+c* =W,

where the subscript indicates thav,, is defined for a given set of Pareto weights. A well-known
result in the literature on group decisions is that the solution of the intertemporal collective model is
equivalent to the solution of the following problem:

max v, (C') + SE [Uu (é’)]

C,C,s

st.C+s=Y
C =Y + Rs,

whereC andC are household total consumption in the first and second period. It is therefore natural
to define household preferences as the preferences of the representative, agtentsehold abso-
lute risk aversion and prudence can then be computedg$iv) /v/, (W) and—uv// (W) /vl (W).
Accordingly, household relative risk aversion and prudence can be definret/ag (W) /v/, (W)
and—Wv (W) /vl (W). All this clarifies that saving decisions depend on household risk prefer-
ences and only indirectly on individual risk preferences. Only if there is a monotone relationship
between them, saving can be characterized using individual risk aversion and prudence.

Consider two households in which the two members have the following HARA preferences:

(ag + 0)1*72

(ay —}—0)17%
0(1—=72)

and u? (¢) =

u' (c) =
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where the parametey is required to allow for an arbitrary threshofd*® Suppose that the two
households are identical except that the husband’s curvature parameter in household 1 is larger than
the curvature parameter of the husband in household 2. As a consequence, the husband in household
1 is more risk averse and prudent than the husband in household 2 for any level of consumption in
absolute and relative terms. The following result states that household 1 can be less risk averse and

less prudent in absolute as well as in relative terms.

Theorem 2 Assume HARA preferences,# -, and without loss of generality; > ~,. Letr, and

p,. be household absolute risk aversion and prudence. Then, there eXists & such that,

aTu (W7 Ca T, 72)
072

<0 foranyW € [O,W).

Moreover, ify, > 1, -
8pu (W7 Cu V15 72)
V2

<0 foranyW € [0,W>.

Proof. In the appendix.m

To outline the main intuition behind theorem 2, it is convenient to use the concept of absolute
risk tolerance and a result by Wilson (1968) which states that household absolute risk tolerance,
T (W), is the sum of individual absolute risk tolerancgs}V’). Consider a household with CRRA
preferences and identical decision power, in which agent 2 is the least risk averse agent. Under
these conditions, membeés absolute risk tolerance is linear and the slope is decreasing in the
curvature parametey;. Suppose that, increases by. This has two different effects. First, for
a given allocation of resources, the additionealeduces member 2's absolute risk tolerance and
consequently the household absolute risk tolerance. Second, resources are optimally reallocated
to take into account the variation in risk preferences. This second effect varies the absolute risk
tolerance of the two agents in opposite directions. Consequently, the reallocation effect can increase
or decrease the household absolute risk tolerance depending on the magnitude of the individual

adjustments. To quantify the two effects, Le{¢) be the additional amount of resources transferred

19since the utility functions are von Neumann-Morgenstern utility functiénsan be normalized to be equal to 1.
However, it is straightforward to show thét= ((C' + a1 + az2) /2 )“7” w2 /11, which implies that the normalization
fixes C' to a specific value. For example, under CRRA preferences and identical Pareto weights, this normalization
impliesC' = 2. From an empirical and numerical viewpoint, it is important to allow for an arbitfargConsequently,
in this papew is not normalized.
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to member 2 because of higher risk aversion and denote Avfith) its derivative att = 0. The

change in household absolute risk tolerance:femall can then be written in the following form:

AT:_t_QE_A (0)6+A (O)e‘
V2 M Y2

(4)

In equation (4), the change in household risk tolerance is composed of three parts. The first term
captures the direct effect, which has always the intuitive negative sign. The second and third terms
describe the change in risk tolerance of members 1 and 2 induced by the reallocation of resources.
It is important to outline some properties of the reallocation effect. First, if the household ex-
periences an adverse income realization, the amount of resources reallocated from member 1 to
member 2 is strictly positive, that i&’ (0)e > 0. This implies that the reallocation effect al-
ways increases household absolute risk tolerance for low income realizations, since the slope of
member2’s absolute risl2< tolerance is larger. Second, the first order conditions of (3) imply that
t1ta C

A (0)e = log =
O =T n e

. ConsequentlyAT > 0 if and only if

1 — t 2
et e 1 log _C S
V2 Y1 t1+ta 0/2

0.

Sincec? is an increasing function of household income, this inequality implies that for fixed
and~, the reallocation effect dominates the direct effect if household resources are sufficiently low.
Moreover, for fixed household resources, it indicates that the reallocation effect is increasing in the
difference between; and-~,.?°

Figure 2 depicts household relative risk aversion and prudence for the group of households con-
sidered in the numerical example of section Il as a function of the husband’s relative risk aversion
and prudencé! Figure 2 illustrates that, contrary to the standard intuition, household risk aversion
and prudence can be a decreasing function of the husband'’s risk aversion and prudence if the differ-
ence between the wife’s and the husband’s curvature parameter is sufficiently large. It can be shown

that this result applies to all households in which individual members have HARA preferences. This

20The inverse of household prudence is not equal to the sum of the inverse of individual prudences. However, it is
possible to show that for the households considered in this section the sign ¢fv- is approximately equal to the
sign ofor,, /02 . Consequently, this argument applies indirectly also to prudence. | am grateful to Christian Gollier for
pointing this out. Hara and Kuzmics (2002) consider a problem related to the one discussed in this section. Specifically,
they analyze how the representative agent risk aversion varies by changing the total amount of resources.

21The shape of household absolute risk aversion and prudence mirrors the shape of household relative risk aversion
and prudence. A description of the derivation of Figure 2 is contained in Mazzocco (2003a).
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Figure 2: Household Relative Risk Aversion and Prudence
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finding explains the U-shaped saving function of Figure 1. Specifically, saving is decreasing in indi-
vidual risk aversion and prudence as long as household risk preferences are decreasing in individual
risk preferences.

There is a growing literature which makes use of survey measures of individual risk preferences
to understand variations across households in saving and portfolio decisions. For example, Barsky
et al. (1997) and Kerwin Kofi Charles and Erik Hurst (2003) analyze household portfolio choices
by regressing portfolio shares on a set of control variables and individual risk preferences. The
results of this section indicate that household decisions depend on the risk preferences of the rep-
resentative agent corresponding to the household and only indirectly on individual risk preferences.
Consequently, it is not sufficient to use individual risk aversion and prudence to analyze saving
and portfolio decisions. Additional information on the intra-household allocation of resources is
required.

The results of the present paper may also provide a rationale for the mixed evidence in the empir-
ical literature on precautionary saving. Note that the findings of this paper indicate that the correct
measure of risk to determine the precautionary motive is the uncertainty intrinsic in the sharing rule,
{p', ﬁi}i:m, because it summarizes the income pooling as well as the insurance component of risk
sharing. The majority of the empirical papers on saving, however, use the uncertainty that character-

izes household income to determine the significance of the precautionary motive. Since household

22



income captures only the income pooling effect, the findings of these papers overestimate or un-
derestimate the precautionary motive depending on the strength and the direction of the insurance
effect in the sample used in the estimation. For instance, this may clarify why Carroll and Andrew
A. Samwick (1998) find that the precautionary motive explains a sizable part of wealth holdings us-
ing a sample representative of the US population, whereas Luigi Guiso, Tullio Jappelli and Daniele
Terlizzese (1992) find little or no evidence in favor of the precautionary motive employing a sample

of Italian households.

6 Conclusions

In this paper, saving is characterized as the outcome of the joint decision of household members to
capture the effect of risk sharing on saving patterns. | find that the optimal allocation of risk across
household members has two important effects on saving. First, it can increase the amount saved by
the household. Second, it generates the counterintuitive result that an increase in the willingness to
save of one agent can reduce the willingness to save of the household and therefore total saving.
These findings may be used to interpret the saving patterns of couples observed in the HRS.

The present research can be extended in at least two directions. First, Browning et al. (1994) and
Chiappori et al. (2002) estimate the intra-household allocation of resources in a static framework
and find that it has a significant effect on household consumption. In Mazzocco (2003c) individual
Euler equations are identified and estimated using data on total household consumption, individual
labor supply and wages. The results of the present paper suggest that to understand saving behavior,
as well as for addressing important policy questions, it will be crucial to extend these identification
and estimation results to a stochastic framework dealing explicitly with saving decisions. Second,
the main weakness of the model proposed in the present paper is that household formation is not
considered. Since the choice of the spouse is endogenous, more work is needed to establish whether

saving patterns are affected by matching based on risk preferences.
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A Proof of theorem 1

The following two lemmas are required in the proof of theorem 1. The first lemma is thd®&em
in Hardy, Littlewood and Polya (1997). The second lemma is thedrenMazzocco (2002a).

Lemma 3 Letz; andz, be nonnegative random variables defined(tnF) and finite almost ev-

erywhere. Set = z; + z5. If v € Rand~y < 0, then the functior{ [ :z:WdP)% is concave in: or
equivalently (given homogeneity of degree 1),

(/ﬂwy2</@wy+</@wy.

If P{weQ: Ary (w) =By (w)}] < landP[{w € Q: 21 (w) = 22 (w) = 0}] = 0 for any two
constants4 and B, then

(/ﬂwf>(/@wy+(/@wy.

Proof. Hardy, Littlewood and Polya (1997
Letp' = 5 + Rp' andY =Y + RY. Household exact aggregation is defined as follows:

C* (5 7) = € (Y*) for any ¥, Y,
i.e. only total income affects total consumption and therefore savings.

Lemma 4 Household exact aggregation is satisfied if and only if the household belongs to the
ISHARA class.

Proof. Mazzocco (2002a)m
It is now possible to prove Theorem 1.
Proof. (Sufficient condition) Assume = 2. The proof for an arbitrary. can be obtained iter-

atingn — 1 times the same argument. Ligt”, o™, ¢, &, s™ },_, , be the solution of the two stage
formulation of the household problem. Lét',¢',5'},_, , be the solution of standard individual
problem. LetC = ¢' 4 ¢ andC* = ¢ + ¢**. By assumption household members have identi-
cal discount factors, identical beliefs and HARA preferences with identical curvature parameters.

Hence,
(") (BRE [u (&)]) = ( (3RE [(e+&) 7)) - ai) | 5)

Since
(") (BRE [u” (&)]) = (BR) (u") " (E [u" (&)])
for each individual member, it is possible to assume without loss of generalitg that 1.
AssumeC™* < C. The first order conditions of standard individual problem imply,

o= () (B G+ R (Y - 7)) ©)

o
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The first order conditions of the second stage of the household problem imply,

A — (ui/)_l (E [ui/(ﬁi* +R (pz’* . CZ*))D ‘ (7)

By equations (5) and (7) we have,
C = ((E [(al+51*+1-2(p1*—cl*))”Di —a1> + 8)
X ((E [(a2 4 +R(p2* _02*))—v}>_i B a2> ‘

Since{p™, p"*, ¢"*, &, s"},_, , is the solution of the two stage household problem, it must satisfy
the first order conditions of the first stage of the collective model,

(al +ﬁ1*+R(p1* _Cl*>)*’7 :M(GQ—FﬁZ* —I—R<p2* _62*))*7 for anyw € 97

wherey = po/ . Lety' = /f%- Substituting in (8) and using the feasibility conditiors=
pY + p* andY (w) = p'* (w) + p* (w) for anyw € 9,

C* = (1+u) (E [(az +07 + R(p™ - 62*))_7}) —a; — as

(G2+ﬁ2*+R(p2*—02*)+M,(G2+,62*+R<p2*—C2*>) - N
(1+4)

2=

2=

= (1+4) (E

— a1 — G2

_ (E [<a1+a2+}7+R(Y—cl*—02*)>_7]) T4 —an.

_1
Note that (E [(al +as+Y +R (Y — C)) VD is decreasing irC. Moreovera; + ' +

R(y — 51) > 0 under the assumption of permissible income. Hence;'by C, lemma 3)Y =
y'+9%Y (w) = ¢ (w) + 7 (w) and (6),

o = <a1+a2+Y+RY c VD —ay— ay

_1

> (E[(a1+171+Ry —a) } i+< [az+:&2+R(y2—52))ﬂ]> T —ar—a
)

= () ELGHRE - D)+ @) (BTG R - )

)
(al—l—ag—i—Y—l—R )7} —ay — Qo
)
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which contradict the initial assumptiait* < C. Hence,C* > C. Finally,
s=Y — (c1 + 02)

for any level of consumption, which implie$ < s.

(Necessary condition) | will initially show by contradiction that if risk sharing always reduces
savings, then household consumption must satisfy household exact aggregation

Assumes* < § always. Assume exact aggregation is not satisfied. This implies that there exist
total incomes)Y andY’, and ratios of Pareto weights;u’ and i/, such that the corresponding

allocation of resourceq,5", 5* } and{;", p*'}, satisfy the following conditions:

=1/ o

D + 52/ — 51// + 52// _ }N/

and . . ) )
BE @1/) et (52/) ” o (p~1//) 4o (WQ//) ‘

Assume without loss of generality that,
Cl* (51/) i CQ* ()»072/) > Cl* (51//) + 02* (52//) . (9)
Choosey!, 72, ' andy? such that,

g + Ryt = p, (10)

g2+Ry2 — 52/'

Moreover, sef. = p”. By construction this implies,
pt+Rpt = pv, (11)
ﬁQ + R,O2 — PNQN-
By (9), (10) and (11), )
Czél+62>cl*+c*220*,

which contradicts the initial assumption. Hence, if risk sharing decreases always savings, exact
aggregation must be satisfied. By lemma 4, necessary condition for exact aggregation is that all
members have identical discount factors, identical beliefs and HARA preferences with identical
shape parameters. This concludes the praof.

B Proof of Theorem 2

The following lemma is needed to prove theorem 2. It characterizes the measures of household
absolute risk aversion and absolute prudence.
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Lemma 5 Letc'* andc® be the solution of the representative agent problemgndV, C, y1,72)
andp, (W, C,m, 72) be household absolute risk aversion and prudence. Under the assumptions of
section 5, household absolute risk aversion prudence can be written in the form,

Y172
T (ag + c*) + 72 (a1 + c*)’
_ +1 — as + c**
D (I/V,C,’yl,’yg) _ %—Tu-l- (VI ’Y2)( 22 )Ti
At At (72)

Tu (VV, Ca 715 72)

Proof. Under the assumption of HARA preferences, the representative agent problem can be
written as follows:

(a; + cl)lfﬂy1 w(as + 02)1772
W e a. B — B ——
UM( ) Icrll,cgc 1—’)/1 +5 1—’72
st.cl+2=W.

whereu = s/ 1. Defineé’ = a; + ¢*. Then the represented agent problem can be reformulated as
follows:

A1\ 1—71 Ao\ 1—72

v, (W) = max G G
éle? 1-— 71 6 1-— Y2

st.é' +& =W +ay + as.

The first order conditions imply,

(e = % (¢*)™™ foranyWw. (12)

Let C be the level of resource$/, at which the two spouses split evenly household resources, i.e.

o 2:C+a1+a2

¢ =¢ . The first order condition (12) must hold also 16f = C. Hence,

Ctra+ta\ " p(Ctrata\ ™"
2 5 2
which implies,

p (CHa+a\?"
5 2 '

Substituting inv,, (W),

A1\ 171 A Y2=71 [ A2\1—72
v, (C) = max () + (C+a1—|—a2) ) (13)

¢l,é? 1-— 71 2 1-— Y2
st.él +& =W +ay + as.
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Substituting the solution of (13" and¢*, in the individual utility functions and defining =
C+ay+ap

5 , v, (W) can be written in the form,

— + ¢ Y2—71 ( ] 14
T @ a4)
Moreover,c'* andé?* must satisfy the budget constraint and the first order conditions, i.e.

M+ =W +a; +ay foranyW, (15)
(e™) ™ =(e)* ™ (¢*) ™ foranyW. (16)
Differentiating both sides of (15) with respectitid,

dél* déz*

=1 17
aw Taw T (n
Taking the logarithm of both sides of (16),
—y1Iné™* = (v — 1) In (€) — 2 Iné2 (18)
Differentiating with respect téV/,
1 det* 1 de*
_%61* av _7262* aW (19)
det* de*
Solving (17) and (19) for— and——,
g (17) and (19) for7- and —
dél* 61*72
= — 20
dw "}/162* + ’)/261*’ ( )
d“2* ~2¢
c - _cm (21)
dW 7102*4—’)/201*
Differentiating both sides of (14) with respectiio,
_ dél* _ dé2*
[ alx 0s = — A% Y
v (W) = (&%) 7 oz + (77 (&%) 7 o
Equation (16) implies,
_ dél* dé?*
~1% s
o, (W) = (&) 1(dw+dw)‘
By relation (17),
v, (W) = (&) . (22)
Differentiating (22) with respect to/,
" _ AT\ —Y1—1 @
vl (W) = =y (&) W



Substitutin fordél*
9w
Alx
") = — Al ~71—1 c 23
UIJ( ) T (C ) 7162* + 7261* ( )
_ 7172 A1k 71
- 7162* _|_,y2él>k (C )
Y172 /
= —-—— wW.
7162* + 72@1*% )
Differentiating (23) with respect td/,
de? det Y172
"W = 7172 r "
v (W) (1162 + Yoll*)? aw T aw ) » Y1EH* + Ypcl* O
By (17),
déZ* 9
" W) = 2 (71 N 72) dW t n (72) / Y172 "
U (W) = ~9 1% 2 U = T e
(1E% + act) V1€ 4 yaC
déQ*
Substituting for——,
9o
My (v —W)LJW (72)”
1 . b ? 7162* ""7261* P / Y172 "
U <W) . A1\ 2 Uy = 7= 1% Vpt
(7162 + yoll¥) Y1C¥F A Y2l
Note that by (23),
2% A1k
Y172
Substituting inv, (W),
M2 (1 = ) a1 + 71 (12)°
12 M —"2) = 172 o Alx
" (W) _ 7102* + '7201 7102 + 7261 V' — Y172 V"
: (1162 + ypel¥)? 172 S Tl S CTE
62*”}/1
- T oe L A. +
— <71 72) 7102* + 7201* 2 o — Y172 v
I

V162 4 Y A et
(71— 72) 7152*} Uy
= — + + = = - -
|:72 Y172 ’}/162* + 7201* 7102* + 7201*

_ { I+ | (n—r)ne } o
Y 4 Yl (2% 4 ppete)?]
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Hence,

Y172
(W) = T gl

(1+71) 72 (71— 72) 1>

pu (W) = — A - -
H ( ) ’)/162* + ’}/201* (7102* + 7201*)2
1+ (71— 72) & 2
= ru (W) + ——5—r, (W)~
N 71 (72)

which concludes the prooim
It is now possible to prove theorem 2.
Proof. Differentiating both sides of (15) with respectg,

dAl* dAQ*
= . (24)
dya d%
Differentiating both sides of 18 with respectig
NEY 2%
ST ) —me - 229
e dye ¢ drys
A2%
A%
o 61*62* In (C_ )
dc c
_ /. (25)
dye Y162 + et
Differentiatingr, with respect toy, and rearranging terms,
9 dAQ*
or, ) E 1 (2 =)
ek :
o (7162* + 7261*)2
dA2*
Letd = 2 < 1. Substituting for
g dyy
or,  gce + (A2*) +0(1—0)c*e*In(e*/e) (26)
872 (CQ* + ch*) ’

By the Inada condition¢!* > 0 andé®* > 0. Consequently the denominator of (26) is strictly
positive and the numerator is negative if and only if,

O+ ¢ /e +0(1—-0)In(c*/e) <o. (27)
By (16),¢ = (&) (¢2*)’. Hence (27) can be written in the form,
o+ (/)" <0(1-0)(/¢). (28)

Let e = ¢**/ ¢ and definef (%) = 6 + ()" " andg (¢**) = 6 (1 — 6) (— In¢**). Thenf (%)
andg (¢**) satisfy the following conditions:
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e f(c®) is continuous with respect @*;

P @) =0+01-0)(@)">0by0<6<1;

lim f (%) = 6 < 1;
o limf(e) ;

o limf(c*)=0+1>1;
c2*11

e g (c*) is continuous with respect &*;

. g’(EQ*):——e(l_Q) <0by# < 1;

52*

1' F2%\ .
o limg (€**) = oo;

li ) = 0.
o (@)

This implies that there exists @ > 0 such that (28) is satisfied for att* < ¢.

Under the

assumptions of section & is a continuous function df. As a consequence there existd’a> 0

such that (28) is satisfied for dlV < 1. Hence,

or, .

—= <0 foranyW € [0, ).

872 y [ ’ )

The inequality for household relative risk aversion follows directly.
By lemma 5,

v +1 (71 — ) & 2
= Tut 2 (U) .

D
8 gt 71 (72)

Differentiating with respect te-,

op Y+1 2(p =)\ or Y2 +2 (1 —72)\ o

a—”=< -  — 8“— 5 & (r,)”
Y2 7 7 (72) 2 71 (72)

(71 - 72) 2 de?

— (ry) =

71 (72) dya

+

0 .
Note thata—r“ can be written as follows:
V2

% _ e (Tu)z (71— 72) o de*

= r
ol (72)? 172 M dyy

)

which implies,
(71— 2) 5 de?* B e (7’“)2 1 0r,

T = .
() " dr (1) 7207
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(30)



- dec*
Substituting for. ¢
dya

in (30) and rearranging terms,

Ipy Yo+ —m 2(nm— ) Ory 71— 72 .o 2
= + 7 Tu - 3C ()"
072 Y21 7 (72) o2 m (72)

By 71 > 72, the second term on the RHS is always negative. Moreoves by v, > 1, the sign of
the first term on the RHS is equivalent to the S|gn55f-. By (29), this implies,
Y2

ap,u, z
— f We |0,W).
3V2<0 or any e[, >

wherelV is the bound defined for household risk aversion. The inequality for household relative
prudence follows directly. This concludes the promf.
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